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E-mail address: jwang@eng.ua.edu (J. Wang).Delamination in sandwich structures along the interface between the face sheet and the core, or along the
adherend/adhesive interface in adhesively bonded joints, is one of the most common failure modes of this
type of tri-layer structure. This delamination is usually modeled as an interface crack problem, for which
the energy release rate and phase angle can be calculated using interface fracture mechanics solutions.
Existing interface fracture mechanics solutions, however, ignore the effect of transverse shear deforma-
tion, which can be signiﬁcant for short crack. In an effort to overcome this shortcoming, this study
presents new analytical solutions for the energy release rate and for the phase angle of the interface crack
in sandwich structures or adhesively bonded joints. Since the new solutions incorporate relative rotation
at the tip of the delamination, transverse shear effects are taken into account in this study. Typical del-
aminated sandwich and adhesively bonded joint specimens are analyzed by using the new solutions, as
well as by the existing solutions. The energy release rate predicted by the present model agrees very well
with that predicted by FEA, and furthermore it is considerably more accurate relative to existing models.
As the existing model neglects the transverse shear force, it underestimates the total energy release rate.
A stress ﬁeld analysis is also conducted in this study in order to clarify some misunderstandings in the
literature on the determination of the phase angle of adhesively bonded joints using an interface
stress-based method.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Sandwich structures and adhesively bonded joints are two
types of tri-layer structures widely used in many industries,
including aerospace, automotive (Noor et al., 1996), and civil infra-
structure (Davalos et al., 2001; Qiao and Wang, 2005a,b). A sand-
wich structure consists of a thick, low-density core material, and
two thin, stiff, and strong face sheets. This conﬁguration improves
ﬂexural strength and provides high stiffness-to-weight ratio. An
adhesively bonded joint consists of two adherends and a very thin
layer of adhesive. Compared to other structural joints, adhesively
bonded joints have higher structural efﬁciency, lower stress
concentration, and better fatigue endurance. Interface debonding
(the face sheet/core interface debonding in sandwich structures
and the adherend/adhesive interface debonding in adhesively
bonded joints) is one of the most common failure modes of this
type of structure.
The face sheet/core delamination of sandwich structures has
been studied extensively, typically by interface fracture mechanics
(Zenkert, 1989; Cantwell and Davies, 1995; Prasad and Carlsson,
1994; Cantwell et al., 1999; Ural et al., 2003; Østergaard andll rights reserved.
: +1 205 348 0783.Sørensen, 2007). In order to retrieve interface fracture parameters
(the energy release rate (ERR) and its phase angle) from experi-
mental data and evaluate the potential for delamination in sand-
wich constructions, both numerical methods such as ﬁnite
element analysis (FEA) (Prasad and Carlsson, 1994) and analytical
solutions (Østergaard and Sørensen, 2007) were commonly used.
The former approach is not convenient or efﬁcient due to stress
oscillation at the interface crack tip. The later method is much
more desirable due to its simplicity and ease of application. The
existing analytical solution (Østergaard and Sørensen, 2007) is
based on the classical interface fracture solution of bi-layers (Suo
and Hutchinson, 1990); however, the major drawback of this solu-
tion is that the effect of transverse shear is not considered (Østerg-
aard and Sørensen, 2007).
To analyze the debonding of adhesively bonded joints, two ma-
jor approaches have been adopted: a strength of materials ap-
proach and a fracture mechanics approach. The former approach,
which has been used for over seven decades, focuses on the predic-
tion of interfacial peel and shear stresses within the adhesive layer
(Goland and Reissner, 1944; Delale et al., 1981; Wang and Zhang,
2009). In the latter approach, which has been used more recently
(Krenk, 1992; Alfredsson and Hogberg, 2007; Fernlund, 2007;
Shahin and Taheri, 2008), two fracture mechanics parameters,
ERR and its phase angle, are calculated. Three methods are
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nite element analysis (FEA); (2) a classical interface fracture solu-
tion (Suo and Hutchinson, 1990; Østergaard and Sørensen, 2007);
and (3) an interface stress-based method (Krenk, 1992; Alfredsson
and Hogberg, 2007; Fernlund, 2007; Shahin and Taheri, 2008). In
the interface stress-based method, the maximum interface peel
and shear stresses at the delamination tip (within the adhesive
layer) are ﬁrst obtained using the aforementioned strength of
materials method. The ERR in mode I or II is then calculated as half
the product of the square of the peel stress (or shear stress) at the
crack tip and the stiffness of peel (or shear). This approach was
originally developed for symmetric adhesive bonded joints (Krenk,
1992), and recently it has been used for asymmetric joints by a few
researchers (Alfredsson and Hogberg, 2007; Fernlund, 2007;
Shahin and Taheri, 2008). However, the validation of such an
extension is questionable because the phase angle obtained
through the interface stress-based method is not reliable for an
asymmetric joint (Alfredsson and Hogberg, 2007).
To characterize interface fracture properties of sandwich struc-
tures and adhesively bonded joints, a number of experimental
methods have been developed. Beam-type specimens are com-
monly used in these experiments. For sandwich construction, these
specimens include the Crack Sandwich Beam (CSB) specimen for
Modes I and II fracture testing (Carlsson and Prasad, 1993), the
Double Cantilever Beam (DCB) specimen (Prasad and Carlsson,
1994), the Three-Point Bending Specimen (TPBS) (Cantwell et al.,
1999), and the Tilted Sandwich Debond (TSD) specimen (Li and
Carlsson, 1999). For adhesively bonded joints, typical experimental
specimens include the DCB specimen, the End-Notched Flexure
(ENF) specimen, and the Mixed-Mode Bending (MMB) specimen.
This study presents a new interface fracture mechanics analysis
for a general symmetric tri-layer beam. New closed-form solutions
for the ERR and its phase angle are obtained; these solutions are
applicable to interface delamination in sandwich constructions or
adhesively bonded joints. As pointed out by Østergaard and Søren-
sen (2007), Transverse force is of major importance in many prac-
tical applications of sandwich beams. The new solutions represent
a signiﬁcant improvement on the old methods, stemming from the
inclusion of transverse shear effects. Recent studies (Qiao and
Wang, 2005c; Wang and Qiao, 2004a,b,c) show that the key quan-
tity in the inclusion of transverse shear effect (in the interface frac-
ture analysis) is the crack tip rotation. The existing classical
solution (Suo and Hutchinson, 1990) assumes that the cross-sec-
tion of a bi-layer structure at the crack tip remains on one plane
after deformation under external loads. This assumption leads to
zero crack tip rotation. As a result, the classical solution may not
include the transverse shear effect.
Many methods have been proposed to estimate crack tip rota-
tion, including ﬁnite element analysis calibration (Li et al., 2003),
the sub-layers method (Zou et al., 2001), and beam on elastic foun-
dation model for symmetric specimens (Kanninen, 1973). General
closed-form solutions for the deformation at the tip of an interface
crack between two shear deformable layers have been developed
recently (Wang and Qiao, 2004a; Qiao and Wang, 2004), based
on novel bi-layer beam models. In these solutions, each layer of
the structure rotates independently, thus capturing the relative
deformation of the crack tip (Qiao and Wang, 2005c). In order to
capture the effects of the transverse shear forces in sandwich
structures and adhesively bonded joints, this study extends the
two bi-layer beam models mentioned earlier (Wang and Qiao,
2004a; Qiao and Wang, 2004) to tri-layer construction.
It should be pointed out that all of the aforementioned studies,
and the present work, are limited to linear elastic behavior. For
typical sandwich structures or adhesively bonded joints with
tough structural adhesives, a long plastic deformation zone may
develop ahead of the crack tip prior to crack propagation (Chiangand Chai, 1993). In this case, nonlinear fracture mechanics based
on a cohesive zone model (Chai, 2003) may be more appropriate.
Therefore, new fracture experimental methods that incorporate
the cohesive zone behavior of the structure may be used (Swaden-
er and Liechti, 1998; Chai, 2003).
2. Interfacial fracture mechanics of delamination in symmetric
tri-layer beams
Both sandwich beams and symmetric adhesively bonded joints
can be modeled as symmetric tri-layer beams. For the symmetric
tri-layer beam, shown in Fig. 1(a), the top and bottom layers (face
sheets or adherends) aremadeof samematerial and samegeometry.
The mid-layer is either much thicker (sandwich beam) or thinner
(adhesively bonded joint) than the top and bottom layers. Consider
a delamination occurring along the interface between the top layer
and the mid-layer. As shown in Fig. 1(a), the top layer is modeled
asBeam1, and themid-layer andbottom layer together aremodeled
as a composite Beam 2. The length of the uncracked region L in
Fig. 1(a) is relatively large compared to the thickness of the whole
beam H = h1 + h2 + h3, so the boundary effect of the intact end of
the structure is negligible. This conﬁguration represents a small
crack tip element of a delaminated tri-layer mean, where the
cracked and uncracked portions are joined, and towhich the generic
loads, previously determined by a global beam analysis, are applied.
By using Timoshenko’s beam theory, we can express the defor-
mations of Beams 1 and 2 as:
Uiðx; ziÞ ¼ uiðxÞ þ zi/iðxÞ; ð1Þ
Wiðx; ziÞ ¼ wiðxÞ; ð2Þ
where subscript i = 1, 2, represent Beams 1 and 2 in Fig. 1(a), respec-
tively. ui(x) and wi(x) are the longitudinal and transverse displace-
ments of the neutral axes of Beam i, respectively. /i(x) represents
the rotations of Beam i.
The constitutive equations of Beam i are given by:
NiðxÞ ¼ Ci duiðxÞdx ; QiðxÞ ¼ Bi /iðxÞ þ
dwiðxÞ
dx
 
;
MiðxÞ ¼ Di d/iðxÞdx ; ð3Þ
where Ni(x), Qi(x), and Mi(x) are the resultant axial force, transverse
shear force, and bending moment of Beam i, respectively. Ci, Bi, and
Di are the axial, shear, and bending stiffnesses of Beam i, respec-
tively. They are given below for plane stress conditions:
C1 ¼ bE1h1; B1 ¼ jbG1h1; D1 ¼ E1bh
3
1
12
;
C2 ¼ E2bh2 þ E3bh3; B2 ¼ jG2bh2 þ jG3bh3;
D2 ¼ E2b3 ½ðh2  dÞ
3 þ d3 þ E3b
3
½ðh3 þ dÞ3  d3: ð4Þ
Here Ei, Gi, are the longitudinal and shear moduli, respectively, of
the top layer (i = 1), mid-layer (i = 2), and the bottom layer (i = 3).
j is the shear correction coefﬁcient, which was set to 5/6 for this
study. d ¼ E2h22E3h232ðE2h2E3h3Þ is the distance of the neutral axis of Beam 2
to the bottom of the midlayer. b is the width of the beam. N10,
N20, Q10, Q20, M10, and M20 are the applied axial force, transverse
shear force, and bending moment, respectively, at the crack tip.
NT, QT, andMT are the total applied resultant axial force, shear force,
and bending moment about the neutral axis of composite Beam 2,
given by
NT ¼ N10 þ N20; QT ¼ Q10 þ Q20;
MT ¼ M10 þM20 þ N10 h12 þ h2  d
 
: ð5Þ
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Fig. 1. Calculation of energy release rate using principle of superposition.
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There is no crack in Fig. 1(b). Therefore, forces applied to Beams
1 and 2 can be obtained using composite beam theory asN1C ¼ AMMT þ ANNT ; M1C ¼ gn N1C 
NT
nC2
 h2  d
n
MT
D2
;
Q1C ¼ AQQT ;
N2C ¼ NT  N1c; M2C ¼ MT M1c  h12 þ h2  d
 
N1c;
Q2C ¼ QT  Q1c;
ð6Þ
where
g ¼ 1
C1
þ 1
C2
þ ðh2  dÞðh1 þ 2h2  2dÞ
2D2
;
n ¼ h1
2D1
 h2  d
D2
;
AN ¼ 2ðD1 þ D2ÞC2ð2ðD1 þ D2Þgþ nD1ðh1 þ 2h2  2dÞÞ ;AM ¼ 2ðD1 þ D2Þðh2  dÞ þ 2nD1D22D2ðD1 þ D2Þgþ nD1D2ðh1 þ 2h2  2dÞ ;
AQ ¼ gn þ
h1
2
 
2ðD1 þ D2Þðh2  dÞ þ nD1D2
2D2ðD1 þ D2Þgþ nD1D2ðh1 þ 2ðh2  dÞÞ :
The loads applied to the cracked beam shown in Fig. 1(c) are then
given by
N ¼ N10  N1C jx¼0; Q ¼ Q10  Q1C jx¼0; M ¼ M10 M1C jx¼0: ð7Þ
A J-integral is employed to calculate the ERR. Since there is no
crack in Fig. 1(b), the J-integral of Fig. 1(b) is zero. Thus the total
J-integral of Fig. 1(a) is equal to that of Fig. 1(c). Using the integra-
tion path shown in Fig. 1(c), we have
J¼1
2
CNN
2þCMM2þCMNMNþ 1B1þ
1
B2
 
Q22Qð/1ð0Þ/2ð0ÞÞ
 
;
ð8Þ
where
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1
C2
þ ðh1 þ 2ðh2  dÞÞ
2
4D2
; CM ¼ 1D1 þ
1
D2
;
CMN ¼ h1 þ 2h2  2dD2 : ð9Þ
Eq. (8) shows that the ERR depends not only on the three loading
parameters N,M, and Q, but also on the relative rotation at the crack
tip. In classical solution of Suo and Hutchinson (1990), /1(0) = /2(0),
and therefore, the transverse shear force represented by the last
term in Eq. (8) is ignored. In order to incorporate the transverse
shear force into ERR and its phase angle, the crack tip rotation must
be properly estimated. To this end, two crack-tip deformation mod-
els developed for an interface crack in a bi-layer by Qiao and Wang
(2005c) are extended to tri-layers in this study. This can be done by
treating the mid-layer and the bottom layer together as one com-
posite beam, as shown in Fig. 1. If the semi-rigid joint model is used
(Wang and Qiao, 2004a), the crack tip rotation of Fig. 1(c) can be gi-
ven by
/1ð0Þ ¼ 
n
h1
2 nþ g
g
D1kn
h1
2
N þM
 
;
/2ð0Þ ¼ þ
n
h1
2 nþ g
g
D2k
g
n
þ h1 þ h2  d
2
 
h1
2
N þM
 
;
where k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B1B2ð2ðD1þD2ÞgþD1ðh1þ2h22dÞnÞ
D1D2ðB1þB2Þð2gþh1nÞ
q
.
If the ﬂexible joint model (Qiao and Wang, 2004) is used, the
rotations at the crack tip are obtained as
/1ð0Þ ¼ S21N þ S22M þ S23Q ; /2ð0Þ ¼ S51N þ S52M þ S53Q ; ð11Þ
where coefﬁcients Sij(i = 2,5; j = 1,2,3) are the same as those given
by Qiao and Wang (2004), with h2/2 replaced by h2  d. Eq. (10) re-
quires a very simple calculation, but this calculation can underesti-
mate the crack tip rotation (Qiao and Wang, 2005c). Eq. (11) can
give a more accurate prediction of the crack tip rotation, but re-
quires fairly complicated calculations.
Substituting the crack tip rotation given by Eqs. (10) and (11)
into Eq. (8), we have
J ¼ 1
2
CNN
2 þ CQQ2 þ CMM2 þ CMNMN þ CNQNQ þ CMQMQ
 
;
ð12Þ
where
CQ ¼ 1B1 þ
1
B2
; CNQ ¼ k 1B1 þ
1
B2
 
h1;
CMQ ¼ 2k 1B1 þ
1
B2
 
ðfor semi-rigid jointÞ; ð13aÞ
CQ ¼ 1B1 þ
1
B2
þ 2ðS23  S53Þ; CNQ ¼ 2ðS21  S51Þ;
CMQ ¼ 2ðS22  S52Þ ðfor flexible jointÞ: ð13bÞ
Eq. (12) clearly shows that the transverse shear force is accounted
for by Q. If all the terms with Q are ignored, Eq. (12) becomes identi-
cal to the existing solution of Østergaard and Sørensen (2007). As
illustrated by Qiao and Wang (2005c), the J-integral can be esti-
matedmore accurately using Eq. (13b) than using Eq. (13a), because
the rotation at the crack tip is fully included in Eq. (13b). However,
Eq. (13a) is much simpler to calculate and easier to use. Therefore,
both results are presented in this study.
The ERR can be related to the modulus of the stress intensity
factor K (Suo, 1990) as
G ¼ c1 þ c2
16cosh2ðpe12Þ
jKj2; ð14Þ
wheree12 ¼ 12p ln
1 b12
1þ b12
 
; a12 ¼ l1ðj2 þ 1Þ  l2ðj1 þ 1Þl1ðj2 þ 1Þ þ l2ðj1 þ 1Þ
;
b12 ¼
l1ðj2  1Þ  l2ðj1  1Þ
l1ðj2 þ 1Þ þ l2ðj1 þ 1Þ
; c1 ¼ j1 þ 1l1
; c2 ¼ j2 þ 1l2
:
a12 and b12 are Dundurs’s (1969) parameters for isotropic materials
and e12 is the bi-material constant. Deﬁne ji = 3  4mi for plane
strain and ji = (3  4mi)/(1 + mi) for plane stress. li and mi are the
shear modulus and Poisson’s ratio of material i, respectively. The
subscript i = ‘‘1” and ‘‘2” refers to the Materials 1 and 2, respectively.
Based on dimensional considerations and on linearity, the com-
plex stress intensity factor K can be written in the form
K ¼ K1 þ iK2 ¼
ﬃﬃﬃﬃﬃﬃ
CN
p
N  ieic1
ﬃﬃﬃﬃﬃﬃ
CM
p
M  ieic2
ﬃﬃﬃﬃﬃﬃ
CQ
p
Q
  pﬃﬃﬃ
2
p hie121 eix;
ð15Þ
wherex is deﬁned in the same manner as by Østergaard and Søren-
sen (2007), which is different from the deﬁnition of Suo and Hutch-
inson (1990), and sinðc1Þ ¼ CMN2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃCMCNp , sinðc2Þ ¼ CNQ2 ﬃﬃﬃﬃﬃﬃﬃﬃCNCQp . The phaseangle w can then be written as
w¼ tan1
ﬃﬃﬃﬃﬃﬃ
CN
p
NsinðxÞ ﬃﬃﬃﬃﬃﬃCMp Mcosðxþc1Þ ﬃﬃﬃﬃﬃﬃCQp Q cosðxþc2Þﬃﬃﬃﬃﬃﬃ
CN
p
NcosðxÞþ ﬃﬃﬃﬃﬃﬃCMp Msinðxþc1Þþ ﬃﬃﬃﬃﬃﬃCQp Q sinðxþc2Þ
 !
:
ð16Þ
Eqs. (12)–(16) can be reduced to the expressions given by
Østergaard and Sørensen (2007), if the transverse shear force Q is
neglected. It should be emphasized that the beam model does
not have enough information to determinex in Eq. (15). Therefore,
an extra continuum analysis such as FEA is needed (Østergaard and
Sørensen, 2007). The values ofx have been determined for various
material and geometry mismatches and presented in tables by
Østergaard and Sørensen (2007). These values are used in the fol-
lowing specimen analysis of this study.3. Analysis of delaminated sandwich and adhesive joint
specimens
Fig. 2 shows three typical sandwich specimens used to measure
the toughness of face sheet/core debonding. Fig. 2(a) illustrates a
double cantilever specimen (DCB) used by Prasad and Carlsson
(1994). For this specimen, N10 = N20 = 0, Q10 = Q20 = P, M10 =
M20 = Pa, as shown in Fig. 2(a), where a is the crack length.
Using Eq. (7), we have N = 0, M = Pa and Q = P. Substituting
them into Eqs. (12) and (16), the ERR and its phase angle of this
specimen are obtained as
G ¼ 1
2
ðCMa2 þ CMQaþ CQ ÞP2; ð17aÞ
w ¼ tan1 
ﬃﬃﬃﬃﬃﬃ
CM
p
a cosðxþ c1Þ 
ﬃﬃﬃﬃﬃﬃ
CQ
p
cosðxþ c2Þﬃﬃﬃﬃﬃﬃ
CM
p
a sinðxþ c1Þ þ
ﬃﬃﬃﬃﬃﬃ
CQ
p
sinðxþ c2Þ
 !
: ð17bÞ
The Three-Point Bending sandwich Specimen (TPBS) is another
commonly used specimen (Cantwell et al., 1999). As shown in
Fig. 2(b) and (c), it is a sandwich beam under a three-point bending
load with a pre-crack of length a along the interface between the
face sheet and the core. For the conﬁguration shown in Fig. 2(b),
Q10 = P/2 and M10 = Pa/2 and all the other loads vanish. Then
the ERR and phase angle of this specimen are given by using Eqs.
(7), (12) and (16) as
G ¼ 1
2
CNA
2
M
4
þ CMB2M þ CMN
AMBM
2
 !
a2
 
þ CMQBM þ CNQ AM2
 
AQ  1
2
 
aþ CQ AQ  12
 2!
P2; ð18aÞ
Pc
2L
a
LPc/L
P(c - L)/2L
Fig. 3. A Mixed-Mode Bending (MMB) joint specimen.
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Fig. 2. Typical delaminated sandwich specimens: (a) Double Cantilever Beam (DCB)
specimen; (b) Three-Point Bending sandwich Specimen I (TPBSI); and (c) Three-
Point Bending Specimen II (TPBSII).
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ﬃﬃﬃﬃﬃﬃ
CN
p
AMasinðxÞ2
ﬃﬃﬃﬃﬃﬃ
CM
p
BMacosðxþc1Þ
ﬃﬃﬃﬃﬃﬃ
CQ
p ðAQ1Þcosðxþc2Þﬃﬃﬃﬃﬃﬃ
CN
p
AMacosðxÞþ2
ﬃﬃﬃﬃﬃﬃ
CM
p
BMasinðxþc1Þþ
ﬃﬃﬃﬃﬃﬃ
CQ
p ðAQ 1Þsinðxþc2Þ
 !
;
ð18bÞ
where BM ¼  12þ AMg2n  h2d2nD2 . For the conﬁguration shown in Fig. 2(c),
we have Q20 = P/2 and M20 = P(L  a)/2. The total ERR and phase an-
gle are
G ¼ 1
8
CNA
2
M þ CMF2M þ CMNAMFM
 
ðL aÞ2

þ CNQAM  CMQFMð ÞAQ ðL aÞ þ CQA2Q

P2; ð19aÞ
w¼tan1
ﬃﬃﬃﬃﬃﬃ
CN
p
AMðLaÞsinðxÞþ
ﬃﬃﬃﬃﬃﬃ
CM
p
FMðLaÞcosðxþc1Þ
ﬃﬃﬃﬃﬃﬃ
CQ
p
AQ cosðxþc2Þﬃﬃﬃﬃﬃﬃ
CN
p
AMðLaÞcosðxÞ
ﬃﬃﬃﬃﬃﬃ
CM
p
FMðLaÞsinðxþc1Þþ
ﬃﬃﬃﬃﬃﬃ
CQ
p
AQ sinðxþc2Þ
 !
;
ð19bÞ
where FM ¼  AMgn þ h2dnD2 .
If we reduce the core thicknesses of the specimens in Fig. 2 so
that they are much thinner than the two face sheets, these sand-
wich specimens become adhesively bonded joint specimens. They
are also widely used to characterize the strength of joints. Without
any change, Eqs. (17)–(19) can be used directly to analyze these
specimens.
Fig. 3 shows a Mixed-Mode Bending (MMB) specimen
commonly used for adhesive bonded joints. In this case, N10 ¼
0; M10 ¼ Pa cL ; Q10 ¼ P cL ; N20 ¼ 0; M10 ¼ Pa cL2L , and Q20¼PcL2L .
Then the ERR and its phase angle for this specimen are given by
G ¼ 1
2
CN
AM
2L
 2
þ CMR2M þ CMN
ðLþ cÞAMRM
2L
 !
a2
 
þ CMQRM þ CNQ AMðLþ cÞ2L
 
Lþ c
2L
AQ  cL
 
a
þCQ cL
Lþ c
2L
AQ
 2!
P2; ð20aÞw¼ tan1
ﬃﬃﬃﬃﬃﬃ
CN
p
AM Lþc2L asinðxÞ
ﬃﬃﬃﬃﬃﬃ
CM
p
RMacosðxþc1Þ
ﬃﬃﬃﬃﬃﬃ
CQ
p
Lþc
2L AQ  cL
 
cosðxþc2Þﬃﬃﬃﬃﬃﬃ
CN
p
AM Lþc2L acosðxÞþ2
ﬃﬃﬃﬃﬃﬃ
CM
p
RMasinðxþc1Þþ
ﬃﬃﬃﬃﬃﬃ
CQ
p
Lþc
2L AQ  cL
 
sinðxþc2Þ
 !
;
ð20bÞ
where RM ¼ cL AMgn  h2dnD2
 
Lþc
2L .
Fig. 4 shows a single-lap adhesively bonded joint. An interface
crack of length a exists along the interface between the top adher-
end and the adhesive layer. According to Cheng et al. (1991), the
loads applied to the crack tip element are N10 = P, M10 = k1Ph,
and Q10 = k2P, where k1¼ 12
coshðkð2laÞÞþ kk1 sinhðkð2laÞÞ
 
þ1
2coshðkð2laÞÞþ kk1þ
k1
k
 
sinhðkð2laÞÞ
, k2¼ 2k112la h;
k¼1
ﬃﬃﬃﬃ
P
D1
q
, k¼
ﬃﬃ
P
D
q
, and D1 and D are the bending stiffnesses of the
adherend and the overlap, respectively. All of the other loads van-
ish. Then
G ¼ 1
2

CNS
2
N þ CMS2M þ CQ k2ðAQ  1Þð Þ2
 CMNSNSM  CMQSMk2ðAQ  1Þ þ CNQSNk2ðAQ  1Þ

P2; ð21aÞ
w¼tan1
ﬃﬃﬃﬃﬃﬃ
CN
p
SN sinðxÞ
ﬃﬃﬃﬃﬃﬃ
CM
p
SM cosðxþc1Þ
ﬃﬃﬃﬃﬃﬃ
CQ
p ðk2ðAQ1ÞÞcosðxþc2Þﬃﬃﬃﬃﬃﬃ
CN
p
SN cosðxÞþ
ﬃﬃﬃﬃﬃﬃ
CM
p
SM sinðxþc1Þþ
ﬃﬃﬃﬃﬃﬃ
CQ
p ðk2ðAQ 1ÞÞsinðxþc2Þ
 !
;
ð21bÞ
where SN ¼ 1 AM k1hþ h2þ h2  d
  AN , SM ¼ k1hþ AM k1hþð
h
2þ h2  dÞ gn  h2dnD2
 
þ gn AN  1nC2.
4. Veriﬁcations
To verify and demonstrate the enhanced accuracy of the new
solutions, typical delaminated specimens are analyzed using the
existing model by Østergaard and Sørensen (2007), using the
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Fig. 5. Comparisons of results of TPBSI specimen: (a) ERR; (b) phase angle.
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FEA are assumed to be accurate and are used as a baseline of com-
parison in this study.
Commercial ﬁnite element software, ANSYS 10.0, is used to per-
formance the FEA. The FEA models are composed of eight-node,
quadrilateral higher order, plane strain elements. This element
has compatible displacement interpolation functions and good
ability to ﬁt curved boundary. The modiﬁed crack surface displace-
ment method (MCSD) (Davidson et al., 1995) is used to determine
the phase angle. This method uses the near-tip displacement ﬁeld
given by Suo (1990), which allows the method to be used for iso-
tropic or orthotropic material. The ERR is obtained through the vir-
tual crack closure technique (VCCT) (Rybicki and Kanninen, 1977).
In order to ensure the accuracy and stability of the ERR and its
phase angle, 0.01mm is selected as the element size around the
crack tip.
In order to apply Eq. (11), two interface compliance coefﬁcients,
Cni and Csi for Beam i, must be determined properly. For the tri-
layer structure examined in this study (Fig. 1(a)), these two coefﬁ-
cients for Beam 1 are chosen in the same way given by Qiao and
Wang (2004) for the Beam 1. For Beam 2, new estimations are used
since it is a composite beam. For a sandwich beam, h2 h3, and the
effect of the bottom face sheet on the interface compliance of Beam
2 is negligible. In such a case, the interface compliance coefﬁcients
of Beam 2 can be estimated as
Cn2 ¼ h210E2 ; Cs2 ¼
h2
15G2
: ð22Þ
For an adhesively bonded joint, the thickness and moduli of the
adhesive layer are much smaller than for the adherends, and the
interface compliance coefﬁcients of Beam 2 should be modiﬁed to
incorporate the deformation of the soft adhesive layer
Cn2 ¼ h2E2 þ
h3
10E3
; Cs2 ¼ h2G2 þ
h3
15G3
: ð23Þ
If the adhesive layer effect is ignored in Eq. (23), the ﬂexible joint
model will underestimate the crack tip rotation. Consequently,
the ERR will be underestimated as well, as indicated by Shahin
and Taheri (2008). In their work, Shahin and Taheri mistakenly used
the ﬂexible joint model for interface fracture without the adhesive
layer (Qiao and Wang, 2005c) to calculate the ERR of adhesively
bonded joint specimens. Their calculation clearly conﬁrmed that
the ERR is underestimated if the adhesive layer is ignored in the
interface compliance coefﬁcients.
4.1. Delaminated sandwich specimens
A Three-Point Bend Sandwich specimen I (TPBSI) shown in
Fig. 2(b) is examined next. The thickness, Young’s modulus, and
Poisson’s ratio of the face sheet are chosen as 1 mm, 12.27 GMPa,
and 0.294, respectively. The thickness, Young’s modulus, and Pois-
son’s ratio for the core are 10 mm, 175 MPa, and 0.3, respectively.
The total length of the specimen, L, is 200 mm. ERRs and their phase
angles are obtained by usingØstergaard and Sørensen’s (2007) solu-
tion, using the present solution based on the semi-rigid jointmodel,
using the present solution based on the ﬂexible joint model, and
using FEA. The results are presented in Fig. 5, Østergaard and
Sørensen’s (2007) solution is referred to as ‘‘without shear” in all ﬁg-
ures hereafter, since the transverse shear force is ignored. Similarly,
solutions from the semi-rigid jointmodel and theﬂexible jointmod-
el are referred to as ‘‘partial shear” and ‘‘full shear” hereafter.
Fig. 5(a) compares the accuracy of three analytical solutions in
predicting the ERR. In this ﬁgure, the ERR calculated by analytical
solutions are normalized by ERR from FEA. The existing model
(Østergaard and Sørensen, 2007) underestimates the total ERR
considerably, especially when the crack length is small. This isnot surprising since the transverse shear force is not included
in this model. When considering the transverse shear effects,
the two new analytical solutions show signiﬁcantly enhanced
accuracy. Comparing these two new solutions, we can observe
that the ﬂexible-joint-model-based solution is more accurate than
the semi-rigid-joint-model-based solution. All analytical solutions
underestimate the ERR more when the crack is shorter. This is be-
cause the beam model less accurately depicts the deformation of
the cracked part of the specimen when the crack length is smal-
ler. With an increase of the crack length, Timoshenko’s beam
model becomes more accurate. As a result, ERRs obtained by
the analytical solutions become more accurate, as shown in
Fig. 5(a).
Fig. 5(b) compares the phase angles obtained by all four meth-
ods. Overall, all four methods agree fairly well on the phase angle.
The existing model (Østergaard and Sørensen, 2007) predicts the
highest phase angle among all four methods because the trans-
verse shear force is ignored. Generally, the transverse shear force
mainly introduces a Mode I energy release rate. By ignoring its ef-
fect, the Mode I component of the total ERR is underestimated
and the phase angle is overestimated. Both the new solutions
and the FEA consider the transverse shear force. Therefore, their
phase angles are lower. Note that when the crack length is small,
the bending moment applied to the TPBSI specimen is small too.
As a result, the effect of the transverse shear force is more signif-
icant, as shown in Fig. 5(b). As demonstrated in Fig. 5(b), the
phase angle decreases slightly with increasing crack length,
according to the new analytical solutions and FEA. The existing
model (Østergaard and Sørensen, 2007) cannot capture this fea-
ture, and indicates that the phase angle does not change with
the length of crack.
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Fig. 6. Comparisons of results of a DCB adhesive bonded specimen: (a) ERR; (b)
phase angle.
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Analyses of three typical adhesively bonded joints are described
in this section. The material properties of the adherends and adhe-
sive are E1 = 88.1 GPa, m1 = 0.28, E2 = 9.65 GPa, and m2 = 0.44,
respectively. The thicknesses of the adherends are 1 mm and the
thickness of the adhesive layer is 0.2 mm. The crack is along the
interface between the top adherend and the adhesive layer. Besides
the three analytical models and an FEA, an interface stress-based
approach is also used to calculate the ERR and its phase angle. This
method ﬁrst calculates the interface stresses at the crack tip. Then,
the ERR and its phase angle are calculated by (Krenk, 1992)
GI ¼ h22E2 r
2
max; GII ¼
h2
2G2
s2max; ð24Þ
where rmax and smax are the maximum peel and shear stresses
within the adhesive layer at the crack tip. Many models have been
developed to calculate the interface stresses. For this study, the
two-parameter, elastic foundation model (Delale et al., 1981) is
adopted. It models the two adherends as Timoshenko beams, and
the adhesive layer as a continuous elastic spring with normal and
shear stiffnesses.
Results for a DCB adhesively bonded joint specimen are shown
in Fig. 6. Fig. 6(a) shows ERRs predicted by different solutions. Sim-
ilar to the case of sandwich specimens, the two new models give
much better estimations of the ERR than the existing solution.
The stress-based method also agrees with the FEA better on the
ERR because shear deformation can be incorporated in this meth-
od. Fig. 6(b) compares the phase angles obtained by all ﬁve meth-
ods. It can be seen that all but the stress-based method agree very
well on the phase angle, which is about 15. This suggests that the
DCB specimen is not a purely Mode I specimen if the crack is along
the interface between the adherend and adhesive, which seems to
contradict the common belief that DCB is a purely mode I speci-
men. Only the stress-based method predicts a zero phase angle
for this specimen. This discrepancy is induced by the different local
stress/strain ﬁelds assumptions used in different models, as illus-
trated in detail in the next section.
Fig. 7 compares the results of an MMB adhesively bonded joint
specimen (Fig. 3) when L = 100 mm and c = 200 mm. Fig. 8 presents
the results for a single-lap shear specimen (Fig. 4). The geometry of
this specimen is l = 25 mm, l1 = l2 = 150 mm.Observations similar to
those for the DCB specimens can bemade from Figs. 7 and 8: (1) the
two newmodels developed in this study aremore accurate than the
existing solution in calculating the ERRbecause sheardeformation is
included; and (2) although the stress-based method can produce a
fairly accurate ERR, it gives an inaccurate phase angle.
4.3. Phase angle of interface debonding in adhesively bonded joints
In order to illustrate the reason that the phase angle predicted
by the interface stress-based method deviates from the phase an-
gles predicted by the other methods, a general debonding problem
of an adhesively bonded joint is considered. As shown in Fig. 9, this
joint consists of two different adherends (Materials 1 and 3) and a
thin layer of adhesive (Material 2). Fig. 9(a) shows the interface
stress-based method (Alfredsson and Hogberg, 2007; Shahin and
Taheri, 2008), in which the adhesive layer is modeled as a layer
of continuous string. The peel and shear stresses within the adhe-
sive layer are constants through the thickness direction. According
to Delale et al. (1981), these two stresses on the line just ahead of
the crack tip can be written as:
r ¼
X6
i¼1
ciecix; s ¼
X6
i¼1
diecix; ð25Þwhere ci, di, and ci are constants determined by the material, geo-
metric properties, and boundary conditions.
Fig. 9(b) sketches an asymptotic model of an interface crack be-
tween two adherends (Materials 1 and 3). There is no adhesive be-
tween these two adherends. A singular, oscillatory stress ﬁeld
exists ahead of the crack tip (Suo, 1990)
rþ is ¼ K13ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p rie13 ; ð26Þ
where K13 is the stress intensity factor of the crack, which is a com-
plex number. The associated crack face displacements behind the
crack tip are given by
d2 þ id1 ¼ 2 ð1 m1Þ=l1 þ ð1 m3Þ=l3ð1þ 2ie13Þ coshðpe13Þ
ﬃﬃﬃﬃﬃﬃ
r
2p
r
K13rie13 ; ð27Þ
where di = ui(r,0+)  ui(r,0). Interface parameters are given as
e13 ¼ 12p ln 1b131þb13
 
, a13 ¼ l1ðj3þ1Þl3ðj1þ1Þl1ðj3þ1Þþl3ðj1þ1Þ, b13 ¼
l1ðj31Þl3ðj11Þ
l1ðj3þ1Þþl3ðj1þ1Þ.
Fig. 9(c) describes an asymptotic model of interface debonding
of a general adhesively bonded joint. Besides the two adherends, a
very thin layer of adhesive (Material 2 in Fig. 9(c)) with thickness
of h exists between them. There are two possible debonding modes
for the joint: (a) adhesive failure if the interface crack is along the
adherend/adhesive interface; and (b) cohesive failure if the crack is
within the adhesive layer. There are two interfaces (Materials 1
and 2 and Materials 2 and 3) in Fig. 9(c). The associated interface
parameters of the interface between Materials 1 and 2 are given
above. The interface parameter for interface between Materials 2
and 3 are given as e23 ¼ 12p ln 1b231þb23
 
, a23 ¼ l2ðj3þ1Þl3ðj2þ1Þl2ðj3þ1Þþl3ðj2þ1Þ, b23 ¼
l2ðj31Þl3ðj21Þ
l2ðj3þ1Þþl3ðj2þ1Þ.
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rials 1 and 2, the stress and crack face displacement ﬁeld near the
crack tip are given by (Suo, 1990)
rþ is ¼ Kﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p rie12 ; ð28Þ
d2 þ id1 ¼ 2 ð1 m1Þ=l1 þ ð1 m2Þ=l2ð1þ 2ie12Þ coshðpe12Þ
ﬃﬃﬃﬃﬃﬃ
r
2p
r
Krie12 ; ð29Þ
where K is the complex stress intensity factor of the crack. Gu
(1993) has shown that a universal relationship exists between K
and K13 as
jKj ¼ R12jK13j; w ¼ w13 þx12; ð30Þ
where w13 and w are the phase angles of K13 and K, respectively;
R12 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1a12Þð1b213Þ
ð1a13Þð1b212Þ
r
; x12 is a phase shift angle which is related to
a12, b12, a23, b23. A similar relationship can be obtained for the case
of a crack along the interface of Materials 2 and 3.
For a cohesive failure of the joint shown in Fig. 9(c), the crack is
within the adhesive layer with a distance of c from the interface
between the adhesive and the bottom adherend. Thus, the stresses
on the line directly ahead of the crack tip can be written as
rþ is ¼ Kcﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ¼ KcI þ iKcIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p : ð31Þ
Eq. (31) suggests that the stress ﬁeld of this case is not oscillatory
and the phase angle of the crack can be determined without any
ambiguity. Santhanam (2006) has shown that a universal relation-
ship also exists between Kc and K13 asjKcj ¼ qjK13j; wc ¼ w13 þxc; ð32Þ
where q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2 1 b213
  1a12
1þa12 þ
1a23
1þa23
 r
and xc is a phase shift angle
which is related to a12, b12, a23, b23, and c/h. Eqs. (30) and (32) sug-
gest that the phase angle of an interface crack in an adhesively
bonded joint is different from one that ignores the interface layer
by a shift angle. This shift angle (xc) is determined by interface
parameters and the location of the crack within the adhesive layer.
Obviously, the interface stress-based method fails to describe
the singular stress ﬁeld near the crack tip. Although it can predict
the ERR fairly accurately, it may not give a reliable prediction of the
phase angle. As illustrated by Wang and Qiao (2004), the phase an-
gle determined by the stress-based method (Fig. 9(a)) is different
from the one determined by the local asymptotic stress ﬁeld
(Fig. 9(b)). The two phase angles are equal only when Layers 1
and 3 have same material properties and geometry. The phase shift
angles in Eqs. (30) and (32) are generally nonzero. They are zero
only when the two adherends are made of same material and
geometry, and the crack is at the mid-plane of the adhesive layer,
as conﬁrmed by the calculation of Santhanam (2006). Therefore,
the interface stress-based method can be used to calculate phase
angle only when the joint is symmetrical and the crack is along
the mid-plane of the adhesive layer. This is also conﬁrmed by
Alfredsson and Hogberg (2007) through numerical examples. Sha-
hin and Taheri (2008) used the interface stress-based method to
estimate the ERR and its phase angle for adhesively bonded joints,
in a similar manner as Alfredsson and Hogberg (2007). Their study
shows that the phase angle calculated using interface-stress-based
model deviates from those of an FEA for asymmetric joints.
Recently, Fernlund (2007) proposed a new stress analysis meth-
od for bonded lap joints. In his method, ERRs in Modes I and II are
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Fig. 9. Three different models for adhesively bonded joints.
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Suo (1990), as shown in Fig. 9(b). Then the maximum stresses at
the crack tip are calculated by Eq. (24). Clearly, this method is
not rigorous because it ignores the difference between the as-
sumed stress-ﬁeld ahead of the crack tip adopted in the interface
stress-based method, (Fig. 9(a)), and that of the asymptotic method
(Fig. 9(b)). Fernlund (2007) found that this model agrees with other
methods for symmetric joints found in the literatures. This is not
surprising, because for symmetric joints, the stress-based model
happens to predict the same phase angle as predicted by the
asymptotic model.5. Conclusions
In this study, analytical solutions for ERRs and their phase angles
have been obtained for interface cracks in sandwich beams or adhe-
sively bonded joints. The effect of the transverse shear, which may
not be accounted for in the existing model, has been captured in
these new solutions, because the new solutions take into account
crack tip deformations. New terms related to transverse shear forces
are introduced into the expressions for the ERR and its phase angle,
whichdirectly indicate the effect of the transverse shear on interface
debonding. Analytical expressions for the ERR and its mode phase
angle are given for typical sandwich and adhesively bonded joint
specimens. Comparisons with existing solutions and FEA suggest
that the new models provide enhanced accuracy due to consider-
ation of the effect of shear deformation. It has also been shown that
for adhesively bonded joints, the interface stress-based method is
fairly accurate for the ERR, but it not accurate for the phase angle.
This is because a non-singular stress ﬁeld is used in the stress-based
method to describe the stresses ahead of the crack tip, which are
actually singular.References
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